We present a simple and efficient method for calculating symmetrized time correlation functions of neat quantum fluids. Using the pair-product approximation to each complex-time quantum mechanical propagator, symmetrized correlation functions are written in terms of a double integral for each degree of freedom with a purely positive integrand. At moderate temperatures and densities, where the pair-product approximation to the Boltzmann operator is sufficiently accurate, the method leads to quantitative results for the early time part of the correlation function. The method is tested extensively on liquid para-hydrogen at 25 K and used to obtain accurate quantum mechanical results for the initial 0.2 ps segment of the symmetrized velocity autocorrelation function of this system, as well as the incoherent dynamic structure factor at certain momentum transfer values.
I. INTRODUCTION
The development of simulation methods for following the quantum dynamics of many-body systems remains at the forefront of chemical and condensed matter physics research. The difficulty in these simulations stems directly from the nature of quantum mechanics, a nonlocal theory governed by phase interference. Perhaps the most appealing approach to the quantum dynamics of fluids is the path integral formulation 1,2 that is used in conjunction with Monte Carlo integration algorithms. 3 The path integral Monte Carlo method [4] [5] [6] has been extremely successful for extracting equilibrium properties in systems exhibiting completely nonclassical behavior, but its use for real-time calculations continues to be problematic because of extensive phase cancellation. 7, 8 The path integral representation of a quantum mechanical observable or correlation function evaluated at the time t is obtained by expressing the propagator as an ͑N −1͒-dimensional integral of propagators involving shorter time steps ⌬t = t / N, and replacing these short time propagators by various approximate forms. 1,2,9,10 Evaluation of the path integral expression using Monte Carlo methods is straightforward at zero time, but the oscillatory character of the integrand when t 0 makes the convergence extremely slow. The extent of phase cancellation ͑and thus the number of sampled points required for convergence͒ increases exponentially with the number of integration variables. 11 In spite of considerable progress using various filtering 7, [12] [13] [14] [15] or blocking 16, 17 schemes and a new technique based on information guided noise reduction, 18 convergence of the Monte Carlo path integral is generally possible only for low-dimensional systems at short times. An attractive alternative is offered by iterative decomposition algorithms. [19] [20] [21] [22] [23] These influence functional methods exploit the decoherence induced by dissipative environments on the subsystem of interest to truncate the length of nonlocal terms in the reduced-dimension path integral description of the subsystem, thus requiring numerical effort that scales linearly with total propagation time.
An alternative approach consists in using the timedependent semiclassical approximation. 24, 25 Semiclassical methods have attracted considerable attention in recent years, owing, in particular, to the development of the semiclassical initial value representation 26, 27 and its phase space analog. 28 Numerical calculations exploiting these advances have demonstrated the ability of the semiclassical approximation to provide an accurate description of essentially all types of quantum effects in chemical dynamics, [29] [30] [31] [32] and a number of successful applications to polyatomic systems have been presented. 30, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] Whenever possible, the inclusion of the full semiclassical phase leads to highly accurate descriptions of quantum mechanical effects, 15, 43 but the resulting phase cancellation presents a major obstacle for application to larger systems such as fluids. Several other approximate and more practical alternatives are available for simulating the quantum dynamics of fluids. These include the centroid molecular dynamics method, [44] [45] [46] the ring polymer molecular dynamics method, 47, 48 the quantum mode-coupling theory, 49, 50 the Wigner quasiclassical approach ͑linearized path integral approximation͒, [51] [52] [53] [54] [55] the maximum entropy numerical analytic continuation, [56] [57] [58] and the forward-backward semiclassical dynamics ͑FBSD͒ approximation developed in our a͒ group. [59] [60] [61] [62] [63] [64] [65] [66] [67] These methods have been applied to calculate time correlation functions in fluids that exhibit moderate to very large quantum mechanical effects.
Liquid para-hydrogen has served as a convenient but challenging test bed for these approximate methods. 48, 50, 54, 58, 66, [68] [69] [70] [71] [72] [73] [74] [75] Experimental measurements of its diffusion constant in the range of 14-25 K have been available for a long time, 76 and the dynamic structure factor of this fluid has been measured in the lower part of this temperature range. 77, 78 In addition, an accurate and simple force field has been developed and tested. 79 Simulations can extract the diffusion constant directly from the time integral of the velocity autocorrelation function. Curiously, all the dynamical approximations mentioned above have reported diffusion constants in good agreement with one another and with the experimental values, even though the corresponding time correlation functions show significant differences. The lack of numerically exact results for the velocity autocorrelation function of this system is thus very disturbing.
In this paper we develop a robust quantum mechanical procedure for calculating the short time part of correlation functions in neat fluids. We focus on symmetrized correlation functions, where each of the forward and backward time evolution operators is paired with the Boltzmann operator, and use the pair-product approximation to the complex-time propagator to evaluate the latter in a single step. This procedure circumvents the sign problem because the phase factors cancel in the single-step representation of the correlation function, allowing efficient evaluation by Monte Carlo methods. As long as the system temperature is relatively high and its density is sufficiently low, the pair-product approximation is very accurate and the method provides quantitative results at short times. We apply this methodology to study the quantum dynamics of liquid para-hydrogen at 25 K and assess the accuracy of our calculations by evaluating several timeconserved properties. We also compare the accurate quantum mechanical results to those obtained with the forwardbackward semiclassical dynamics methodology. 66 This paper is organized as follows. In Sec. II we present a general strategy for calculating time correlation functions for neat fluids. The pair-product approximation to the complex-time propagator employed in the present work and various computational details are discussed in Secs. III and IV, respectively. The results are presented and discussed in Sec. V. Finally, some concluding remarks are given in Sec. VI.
II. TIME CORRELATION FUNCTIONS
Two-time correlation functions have the form
where Ĥ is the Hamiltonian of the system, Â and B are arbitrary operators, ␤ =1/k B T is the reciprocal temperature in units of the Boltzmann constant, and Z =Tr͑e −␤Ĥ ͒ is the canonical partition function. The path integral representation of Eq. ͑2.1͒ is obtained by splitting the reciprocal temperature and real time into shorter time steps and replacing the short time propagators by various approximate forms. Monte Carlo methods are not directly applicable to this expression, as the most popular approximations to the short real-time propagator consist of a pure phase factor, lacking a decaying component that could serve as a sampling function. In addition, the dramatic phase cancellation associated with path integral variables of the real-time propagators makes the convergence of dynamical ͑t 0͒ properties extremely difficult.
An alternative form that appears more suitable for numerical path integral simulations is the symmetrized counterpart of Eq. ͑2.1͒, 80, 81 which has the form
where t c = t − i␤ប / 2 is a complex time. The Fourier transform of Eq. ͑2.2͒,
is related to the Fourier transform C AB ͑͒ of Eq. ͑2.1͒ by the relation
For simplicity, we consider here the case where Â and B are functions of the position operator. The symmetrized time correlation function of Eq. ͑2.2͒ is expressed in the coordinate representation as
One can again use path integral representations of the complex-time propagator to evaluate Eq. ͑2.5͒. The resulting expression is preferable to that for Eq. ͑2.1͒ because the complex-time propagators provide automatically a weight function suitable for Monte Carlo sampling. However, phase cancellation continues to present a serious problem, and calculations in many-particle systems are not feasible at present ͑except perhaps at times that are short compared to ␤ប͒. Unlike the real-time correlation function, the sign problem in the symmetrized expression arises exclusively from the path integral discretization of the propagators. This is so because the two propagators in Eq. ͑2.5͒ are complex conjugates of one another, and thus combine to a positive factor:
Clearly, the Monte Carlo evaluation of Eq. ͑2.6͒ is straightforward at those times for which accurate approximations to the short complex-time propagator are available. In this paper we follow this strategy to obtain accurate, fully quantum mechanical results for the short time dynamics of liquid para-hydrogen at 25 K. Several approaches for extending the domain of accuracy of the short time propagator have been proposed, including the use of exponential power series 82 and cumulant 83 expansions, harmonic reference methods, 84 and propagators based on an adiabatic splitting of the Hamiltonian. 85 In the present work we use the pair-product approximation for the complex-time propagator, which was originally developed mainly in the context of imaginary time path integral calculations on liquid helium at low temperatures. 6 This approximation leads to a very accurate single-step approximation to the propagator for systems with pairwise additive interactions and, as demonstrated below, leads to an accurate representation of the symmetrized time correlation function for a system characterized by highly quantum effects such as liquid para-hydrogen. Throughout the rest of this paper we focus on isotropic fluids.
III. PAIR-PRODUCT PROPAGATOR "PPP… IN COMPLEX TIME
In this section we review the methodology for evaluating the complex-time propagator for two particles and present a procedure for constructing the propagator for the total Hamiltonian using the pair-product ͑PP͒ approximation. Even though the systems of interest are composed of identical particles, we focus on regimes where exchange effects are negligible.
The complex-time propagator for a pair of particles interacting with each other is written as follows:
where
is the Hamiltonian for the two-particle system, and T ͑1͒ and T ͑2͒ represent kinetic energy operators for each particle. Defining center-of-mass and relative ͑internal͒ coordinates as
the two-particle Hamiltonian is rewritten in the form
͑3.4͒
Here
͑3.5͒
are the Hamiltonians describing the center-of-mass ͑transna-tional͒ and relative ͑internal͒ motions, respectively. In Eq. ͑3.5͒ P ͑12͒ , p ͑12͒ are momenta conjugate to the coordinates R ͑12͒ , r ͑12͒ , respectively, and M =2m, = m / 2. The propagator in Eq. ͑3.1͒ is factorized into translational and internal parts:
͑3.6͒
By using spherical coordinates, the complex-time propagator corresponding to internal motion can be expanded in partial waves as follows:
where P ᐉ ͑cos ͒ is the Legendre polynomial and is the angle between the internal coordinate vectors r and rЈ. ͓Here, and also in Eq. ͑3.8͒ that follows, the symbol r is used as a dummy variable.͔ Each partial wave component in Eq. ͑3.7͒ is the propagator for the one-dimensional Hamiltonian
The numerical evaluation of this one-dimensional propagator is performed using the sinc-DVR ͑discrete variable representation͒ method. 86 The obtained one-dimensional propagators for each partial wave components are entered in Eq. ͑3.7͒, yielding the propagator for internal motion.
The propagator in Eq. ͑3.1͒ is rewritten in the original Cartesian coordinates as follows:
is the free-particle propagator for particle i and the effective potential u, which accounts for the interaction between particles, is defined as
͑3.11͒
This effective potential is complex valued. We note that there is no approximation up to this point; thus, once converged, the propagator in Eq. ͑3.1͒ is numerically exact for a pair of particles. The effective potential is calculated once and tabulated for use in the Monte Carlo calculation. The propagator for the total Hamiltonian is approximated using the pair-product form 6 as follows:
where R represents 3n-dimensional coordinate vector of particle positions r ͑i͒ ͕i =1, ... ,n͖. In the high-temperature and short time limit, this effective potential reduces to the form that is derived from the Trotter formula
However, the single-step pair-product approximation captures important corrections to the Trotter propagator at lower temperatures and longer complex times, leading ͑as will be seen in Sec. V͒ to a quantitative description of nontrivial quantum effects in the correlation function. Using the complex-time PP approximation, the symmetrized time correlation function of Eq. ͑2.6͒ is expressed in the form
Re u͑rЈ ͑ij͒ ,r ͑ij͒ ͒ ͬ = ͗A͑r ͑1͒ , ... ,r ͑n͒ ͒B͑rЈ ͑1͒ , ... ,rЈ ͑n͒ ͒͘ t c .
͑3.14͒
Here for simplicity ͗¯͘ t c denotes the Monte Carlo average with respect to the weight function w͑R , RЈ͒ = Z −1 ͉͗RЈ͉e −iĤ t c /ប ͉R͉͘ 2 , which is automatically normalized to unity.
IV. COMPUTATIONAL DETAILS
The calculations were performed under periodic boundary conditions, where each cell consists of 256 parahydrogen molecules, at T = 25 K with molar volume = 31.7 cm 3 mol −1 ͑density = 0.0190 Å −3 ͒. These values are taken from the results of the path integral Monte Carlo calculations under roughly zero external pressure. 87 The Silvera-Goldman potential 79 was used for interactions between para-hydrogen molecules, where each para-hydrogen molecule is treated as a spherical particle. All interactions are truncated at half of the unit cell.
Standard imaginary time path integral Monte Carlo ͑PIMC͒ calculations were also performed under the same thermodynamic conditions in order to assess the accuracy of the PP approximation. These calculations, which used the conventional Trotter factorization to approximate the short-time propagators, converged with 30 path integral slices at the given temperature.
At T = 25 K, the inverse temperature in the symmetrized correlation function is ␤k B /2=1/50 K −1 , corresponding to the real-time ␤ប / 2 = 0.153 ps. Figure 1 shows the disk in the complex-time plane where ͉t c ͉ ഛ 0.153 ps, as well as the time contour along which we evaluate the correlation function. In general, accuracy decreases as the distance of a point from the origin in the complex-time plane increases. We note, however, that as the system temperature is lowered at constant pressure, its density naturally increases, causing the quality of the pair-product approximation to deteriorate since the higher-body correlations become important at higher density. On the other hand, integration along the real-time direction at constant temperature ͑and thus fixed density͒ is likely to affect the quality of the PPP approximation less severely. This suspicion is supported by the calculations presented in the next section, implying that reliable results can be obtained even at relatively long real time as long as the PPP approximation is sufficiently accurate at t = 0. Thus, the actual area of accuracy attained by the PPP approximation to the symmetrized correlation function is more likely to have an ellipsoidal shape, being elongated along the real-time direction. Further, anticipating some of the observations borne out of the results presented in the next section, we point out that different observables converge at different rates. The calculations were performed on a cluster configured with 32 Athlon processors ͑1.66 GHz͒ and required approximately 5 CPU hours for each time point.
V. RESULTS AND DISCUSSION

A. Energy expectation values
In order to assess the accuracy of our calculations, we first investigate the total energy as a function of time, which is in principle a time-conserved property. Setting Â =1, B = Ĥ in the expression given in Eq. ͑2.2͒ and using the relation
͑5.1͒
the expectation value of the total energy becomes Figure 2͑a͒ shows the total energy per atom obtained from Eq. ͑5.2͒ as a function of time. The numerically exact result obtained by the PIMC calculation is also shown for t = 0. The excellent agreement of the PPP approximation with the PIMC result at t = 0 and also the weak dependence of the total energy on time suggest that the PPP approximation is sufficiently accurate over this time range. For comparison, we also show in Fig. 2͑a͒ the expectation value of the energy obtained by using the single-step Trotter approximation to the complex-time propagators. Unlike the PPP results, the Trotter approximation yields a large error in the initial value of the energy and more pronounced time dependence.
͑5.2͒
We also present in Fig. 2͑b͒ the expectation value of the kinetic energy ͑a quantity closely related to the velocity autocorrelation function͒ as a function of time and compare to the PIMC value and to the results of the single-step Trotter approximation. The average kinetic energy in the pairproduct approximation is given by the expression
where U is the average potential energy ͑i.e., the expectation value of the potential energy operator Û ͒, which is evaluated as follows:
͑5.4͒
The stability of the PP propagator results over a real-time interval of 0.3 ps is very encouraging, while the deviation of about 2 K ͑about 3%͒ is indicative of the error incurred by the pair-product approximation with these parameters over the time range considered.
B. Radial distribution function
Next, we investigate the accuracy of the radial distribution function, which takes the form
͑5.5͒ Figure 3 compares the results given by Eq. ͑5.5͒ at select times to the exact PIMC results for the radial distribution function. The observed agreement is practically excellent. Also shown is the radial distribution function in the singlestep Trotter approximation. The latter is seen to be substan- tially more structured; this is so because the single-step Trotter discretization of the propagator underestimates significantly the quantum mechanical character of the fluid.
C. Free energy as a function of time
We conclude this series of tests for the pair-product approximation by evaluating the partition function as a function of time. The partition function is expressed in the timedependent form
Substituting the complex-time propagators by the pairproduct approximation, the partition function becomes
Re u͑rЈ ͑ij͒ ,r ͑ij͒ ;t c ͒ ͬ .
͑5.7͒
Following the ideas of thermodynamic integration, 88 the logarithmic derivative of Z͑t͒ can be obtained from the expression
͑5.8͒
Thus, the value of the partition function per atom, relative to its t = 0 value, can be obtained from the integral
͑5.9͒
The partition function per atom obtained in the PPP approximation is shown in Fig. 4 for the system under consideration. A gradual deviation from unity is observed. In the particular approach used to calculate the partition function, a timeinvariant result would require a delicate cancellation of the various terms in Eq. ͑5.8͒. In the actual calculation, small errors in the time dependence of the effective potential give rise to a nonzero logarithmic derivative. Thus, this quantity provides the most sensitive test of the PPP approximation.
D. Velocity autocorrelation function
Having assessed the accuracy of the PPP approximation to the complex-time propagator for liquid para-hydrogen at T = 25 K, we focus next on the main objective of this work, namely, the calculation of the velocity autocorrelation function for this system. The velocity autocorrelation function is obtained from the expression 
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A. Nakayama and N. Makri J. Chem. Phys. 125, 024503 ͑2006͒ Figure 5 shows the velocity autocorrelation function obtained from Eq. ͑5.10͒ with a total of 1 ϫ 10 6 Monte Carlo steps. For comparison, results calculated by the Trotter approximation to the complex-time propagators are also shown in the figure. The fully converged 30-bead PIMC result at zero time is also indicated. In spite of the high accuracy of the Trotter approximation at zero time, it is seen that the single-bead Trotter propagator fails even qualitatively to describe the time evolution of the system under the present conditions, producing a correlation function that does not decay. In contrast, the analysis given in the previous section suggests that the PPP approximation degrades much slower as a function of time, because the most critical factor for the accuracy of the pair propagator is the density of the fluid, which remains unchanged as time is increased. Based on the tests presented in the first part of this subsection, we believe the PPP results presented in Fig. 5 constitute accurate, fully quantum mechanical benchmarks for this system for times up to about 0.2 ps.
Liquid para-hydrogen has been the focus of several approximate methods, including the forward-backward semiclassical dynamics ͑FBSD͒ methodology developed in our group. In our FBSD simulation of liquid para-hydrogen, the Boltzmann operator was quantized using the PP approximation in the coherent state representation, while all dynamical information was obtained from classical trajectories. In Fig.  6 we present a comparison of the FBSD results against the accurate results obtained in the present work. Because the FBSD methodology is naturally applicable to the real-time version of the correlation function C v·v ͑t͒, we had to transform the corresponding simulation results to the complextime form G v·v ͑t͒ in order to compare. This procedure involves a Fourier transformation to frequency space, followed by a second Fourier transformation back to the time domain. Therefore, the transformed results at any time reflect the global characteristics of the FBSD approximation to C v·v ͑t͒ over the entire time interval in which the latter has nonzero values. We thus caution the reader that the quality of the agreement at short times does not necessarily carry over directly to the accuracy of the FBSD approximation in its original, real-time form. Clearly, inverting the symmetrized complextime correlation function to obtain its real-time counterpart according to Eqs. ͑2.3͒ and ͑2.4͒ requires knowledge of the former over the entire interval in which it has nonzero values. Unfortunately, the availability of accurate PPP results only for the initial 0.2 ps does not allow this transformation, and thus comparison of the real-time forms of the PPP and FBSD correlation functions is not possible at present.
As can be seen from Fig. 6 , the early time part of the transformed FBSD curve resembles in shape the PP propagator result, although the magnitudes of the two functions exhibit small differences. As argued above, the FBSD correlation function in its natural, real-time form is practically exact at zero time. The differences from the accurate PPP results observed in the figure arise exclusively from inaccuracies in the long-time part of the FBSD results. We note, however, that the scaled FBSD results for G v·v ͑t͒ ͑where the transformed FBSD results are scaled to the accurate PPP value at t =0͒ are in quantitative agreement with the accurate PPP results over the ϳ0.2 ps time interval where the latter are deemed reliable.
E. Incoherent dynamic structure factor
Finally, we apply the PPP methodology to calculate the incoherent dynamic structure factor of liquid para-hydrogen at 25 K. Neutron scattering experiments provide useful information on the microscopic dynamics of both the collective and the single-particle behavior of fluids. The experimentally observed dynamic structure factor is defined as
where Q is the momentum transfer to the fluids. In the above 
͑5.14͒
For isotropic fluids, the structure factor and the scattering function depend only on Q = ͉Q͉.
The incoherent structure factor reflects the singleparticle behavior of the fluids. As the momentum transfer value Q is increased, the self-intermediate scattering function decays to zero faster. As argued earlier, the PPP method is quantitative up to about 0.2 ps for this system; therefore the incoherent structure factor can be obtained quite accurately for values of Q for which the scattering function decays practically within this time interval. Figure 7 shows the symmetrized self-intermediate scattering function obtained from the expression points with t Ͻ 0.2 ps were used in the Gaussian fit; yet, as can be seen from the figure, the quality of the fit is excellent. Figure 9 shows the incoherent structure factor for Q = 4.49 Å −1 . Also shown are results obtained from the FBSD approximation to the velocity autocorrelation function of liquid para-hydrogen using the Gaussian approximation 
͑5.16͒
The FBSD results are in fairly good agreement with those obtained using the accurate PPP method. Both functions exhibit a weak asymmetry, and their peaks are shifted from the recoil frequency R = បQ 2 /2m = 20.876 meV. Unfortunately, no experimental data are available with these parameters for liquid para-hydrogen at 25 K. However, for the reasons presented earlier, we believe the PPP results shown in Fig. 9 are essentially quantitative and can serve as a benchmark.
VI. CONCLUDING REMARKS
In this paper, we have introduced a simple and robust procedure for calculating symmetrized time correlation functions in neat quantum fluids under certain conditions. Using complex-time pair-product propagators valid for large time steps, we showed that a single bead is adequate for simulating quantum fluids at intermediate temperatures and sufficiently low densities. Because the single-bead expression for the correlation function does not contain oscillatory terms, this approach circumvents the sign problem, allowing rapid convergence. We examined the accuracy of the method by calculating various time-conserved properties in liquid parahydrogen at 25 K and applied it to calculate the short time segment of the velocity autocorrelation function for that system, as well as the incoherent dynamic structure factor at certain momentum transfer values.
The pair-product form can be regarded as the lowest order density expansion. With the help of cluster expansions, three-or higher-body correlations can be included in a systematic way. Of course, the numerical evaluation of propagators for three or more atoms is a difficult task, but should be feasible for three and possibly four atoms. In general, higher-body correlations become more important at longer time; yet, the correlation functions of these systems decay relatively rapidly. Once the results obtained this way converge with respect to the order of included correlations, they should be considered numerically exact. Thus, for a system characterized by relatively low density such as liquid parahydrogen, we anticipate that inclusion of three-body correlation is sufficient to yield converged results for correlation functions over the entire time interval of interest.
We are currently extending this method to include such higher-order terms in order to obtain numerically exact results over longer periods. We hope our results will be useful for determining the accuracy of various approximate methodologies recently developed for simulating the quantum dynamics of condensed phase systems.
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